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Abstract 

We study the existence of non-special divisors of degree g and 
g — 1 for algebraic function fields of genus g > 1 defined over a finite 
field F q . In particular, we prove that there always exists an effective 
non-special divisor of degree g > 2 if q > 3 and that there always 
exists a non-special divisor of degree g — 1 > 1 if g > 4. We use 
our results to improve upper and upper asymptotic bounds on the 
bilinear complexity of the multiplication in any extension F q n of F q , 
when q = 2 r > 16. 

2000 Mathematics Subject Classification: 11R58. 

1 Introduction 

An important problem in the theory of algebraic function fields is to compute 
the dimension of a divisor. In certain cases, it is not an easy task. Moreover, 
given a function field F/K and two integers n and d, it is not at all clear if 
F has a divisor D of degree d with dimension n. In fact, the problem occurs 
when < degD < 2gp — 2, where gp is the genus of F. The existence of 
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non-special divisors is, in a sense, related to the number of rational places. 
If the full constant field K of an algebraic function field F is algebraically 
closed, then most divisors are non-special and the problem is to find special 
divisors. Now if K = ¥ q is a finite field, the existence of non-special divisors 
mostly arises for algebraic function fields having few rational places and for 
q small. In this paper, we consider an algebraic function field F/¥ q of genus 
g. We focus on the existence of non-special divisors of degree d = g and 
d — g — 1 in F/¥ q because of theorical interest but also because, in the case 
d — g — 1, it leads to an improvement of the upper bound for the bilinear 
complexity of the multiplication in ¥ q n over ¥ q when q — 2 r > 16 and also 
an improvement of the asymptotic bound. In fact, this application was our 
initial motivation. This paper is organized as follows. In Section 2, we define 
the notations and recall basic results. In Section 3, we give existence results 
for non-special divisors of degree g and g — l. We settle the problem for g = 1 
and 2 and we mainly show that if q > 3 and g > 2 (resp. if q > 4 and g > 2) 
there always exist non-special divisors of degree g (resp. g — l). Finally, 
in Section 4 we apply the results to the existence of non-special divisors in 
each step of some towers of function fields. This allows us to improve upper 
bounds on the bilinear complexity of the multiplication in any extension of 
F21- when r > 4. 



2 Preliminaries 

2.1 Notations 

We mainly use the same notations as in ^H]- Let F/¥ q be an algebraic 
function field of one variable over F 9 . We assume that the full constant 
field of F/W g is ¥ q and denote by gp, or g for short, the genus of F. Let 
T>iv (F/¥ q ) be the divisor group of the algebraic function field F and let 
F(F/¥ q ), or Fp for short, be the set of places of F over ¥ q . If u G F*, we 
denote by div (u) the principal divisor of u and by divo(w) (resp. divoo(u)) 
its zero divisor (resp. pole divisor). Two distinct divisors D and D' are 
said to be equivalent, denoted D ~ D', if D — D' is a principal divisor. We 
denote by F k {F/¥ q ) the set of fc-degree places of F/¥ q and by N k (F/¥ q ) (or 
N k for short) the order of The number Ni(F/¥ q ) satisfies the Hasse-Weil 
inequality q + 1 — 2g^/q < Ni(F/¥ q ) < q + 1 + Ig^fq. In particular, if q is a 
square, Fj¥ q is maximal if Ni(F/¥ q ) reaches the Hasse-Weil upper bound. 
If D = X]peP F Up P ■> we se ^ or d pD = np. The support of a divisor D is the 
set supp (D) := {P G Fp, ord pD 7^ 0}. The divisor D is called effective if 
ord P D > for any P e F F . We denote by Viv + (F/¥ q ) the set of effective 
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divisors, by the set of fc-degree effective divisors and set := |Aj,|. 
Notice that A = 1 and A 1 = N^F/Fq). We denote by Jac(F/¥ q ) the 
group of rational points over ¥ q of the jacobian of F/¥ q . Then J a,c(F /¥ q ) is 
the group of classes of zero-degree divisors modulo the principal ones and we 
denote by [D] the class of a zero-degree divisor D in Ja.c(F/¥ q ). The order 
h of j7"ac(F/F 9 ), called divisor class number, is equal to L(F/¥ q , 1), where 
L(F/¥ q , t) G Z[t] is the numerator of the Zeta function Z(F/¥ q , t). Recall 
that 



Z(F/F„ t ):=E a^= JMz£ 



(l-t)(l-9*)' 

where L(F/¥ q , t) = Y^=o a 3^ ■> with aj = qi~ 9 a 2g -j, for all j = 0, . . . ,g. Let 
7Tj := ^fqe %d] and 7fj be the reciprocal roots of L, for all j = 1, ... , g, and 

9 9 

L{F/¥ q , t) = - 7r^)(l - 7f,-t) = - 2y/qcos9jt + qt 2 ). 

3=1 3=1 

The ^j's, for j — 1, . . . , g, are the Frobenius angles and we have 

29 9 

^flj-t J ' = -2y/qcos6j t + qt 2 ). (1) 

Further, we will use the values of the first ct,'s: 



ai= jVi-(g + l) 

a 2 = [Nl-{2q + l)N 1 ]/2 + N 2 + q 

a 3 = [iVf - 3qN 2 + (3g - l)JVi]/6 - (q + 1)N 2 + AqiV 2 + N 3 
a 4 = [Nf + (2 - 4q)N? - N 2 - (2 - 4g)A^ 1 ]/24 + iV^ + iV 4 + 
[(1 + 2q)N 2 + N 2 - (1 + 2q)N l N 2 + N 2 N 2 }/2 - (q + 1)N 3 . 



(2) 



The real Weil polynomial of F/¥ q is the polynomial H(T) G Z[T] defined by: 

9 

-ff"(T) := Y\_(T — wnere := —2y/qcos9j. 

3=1 

Using one can compute the coefficients of H(T) in terms of the a/s. 
Further, we will use the fact that if, for some numerical configuration of the 
sequence (Ni, N 2 , . . . , N g ), the corresponding value of H(2y/q) is strictly 
negative (for instance), then there is no function field of genus g having 
these numbers of places. 
If D G £>iv (F/F q ), then 

C(D) := {u eF*, D + div (u) > 0} U {0} 
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is a F g -vector space. The dimension of C(D), denoted by dim/} and called 
dimension of divisor D, is given by Riemann-Roch Theorem 

dimD> = degD - g + l + i(D), 

where i(D), the index of speciality of D, is equal to the dimension over ¥ q 
of C(k — D), k being a canonical divisor. A divisor D is called non-special if 
i(D) = and otherwise it is called special. The index of speciality of a divisor 
can also be defined in terms of differentials. The set of regular differentials 
of F/W g is denoted by Qp(0) and one has dim ¥q Q F (0) = g. 

2.2 Basic results 

Recall some results about non-special divisors (cf. [IS])- If degD < 0, 
then dimZ) = and if deg-D > then dimD > degD — g + 1. When 
< degD < 2g — 2, the computation of dimD is difficult. Anyway, one has 
some general results. 

Proposition 1 1. ¥ g C C(D) if and only if D > 0. 

2. If deg D > 2g — 2 then D is non-special. 

3. The property of a divisor D being special or non-special depends only 
on the class of D up to equivalence. 

4- Any canonical divisor k is special, deg k = 2g — 2 and dim K — g. 

5. Any divisor D with dim D > and deg D < g is special. 

6. If D is non-special and D' > D, then D' is non-special. 

1. For any divisor D with < deg D < 2g — 2 holds dim D < 1 + ^ deg D. 

For the rational function field F = ¥ q (x) (g = 0), there is no non-zero regular 
differential, thus all divisors of degree d > are non-special. So we assume 
from now on that g > 1 and we focus on the existence of non-special divisors 
of degree g or g — 1. Note that g — 1 is the least possible degree for a divisor 
D to be non-special, since then < dimD = degD — g + 1. Moreover, if 
Nx(F/¥ q ) > 1 and if there exists a non-special divisor of degree g — 1, then 
there exists a non-special divisor of any degree d > g — 1 by assertion 6 of 
Proposition ^ We have the following trivial observations. 

Lemma 2 Assume g > 1. Let D) £ Piv (F/¥ q ) and set d = degD. 
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1. If d = g, D is a non-special divisor if and only if dim D = 1. Assume D 
is a non-special divisor of degree g, then D ~ D , where D is effective. 
If D > and d = g, D is a non-special divisor if and only if £(D) = F q . 

2. If d — g — 1, D is a non-special divisor if and only if dimD = 0. A 
non-special divisor of degree g — 1, if any, is never effective. 

3. If g > 1 and A g ^\ = 0, then any divisor of degree g — 1 is non-special. 
A consequence of assertion 1 of Lemma |2] is: 

Lemma 3 Assume that D G T>iv (F/¥ q ) is an effective non-special divisor 
of degree g > 1. // there exists a degree one place such that P ^ supp (D), 
then D — P is a non-special divisor of degree g — 1 . 

3 Existence of non-special divisors of degree 

g — 1 or g 

3.1 General case 

Let F/¥ q be an algebraic function field of genus g. We denote by S g and 
the following properties: 

S g : F/Fg has an effective non-special divisor of degree g, 
£ g -i : F/Fg has a non-special divisor of degree g — 1. 

If F/Fq has enough rational places compared to the genus, then £ g and 
are true. 

Proposition 4 Let F/F q be an algebraic function field of genus g > 1. 

1. If Ni(F/Fq) > g, there exists a non-special divisor D such that D > 0, 
degD = g and supp D C P^F/FJ. 

2. If Ni(F/Fq) > g+l, there exists a non-special divisor such that degD = 
g- \ and supp D C Pi(F/F 9 ). 

Proof: 

1. cf. [T5t Proposition 1.6.10]. 

2. Let T C Pi (F/Fg) be such that \T\ = g and, using assertion 1, let 
D > be a non-special divisor such that deg D = g and supp D C T. 
Select P G Pi (F/Fq) \ supp (D) and apply Lemma El 
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□ 



Proposition 5 Let F/W q be a function field of genus g. Denote by h the 
order of the divisor class group of F/¥ q . 

1. If A g < h(q + 1), then £ g is true. 

2. If A g _i < h, then £- g ~\ is true. 

3. Assume g > 2. If A g _ 2 < h, then S g is true. 

Proof: Recall that, in any function field, there exists a degree 1 divisor (this 
a result of F.K. Schmidt, see [El Cor. V.l.ll] for instance), so there exist 
divisors of any degree > 1. Let d > 1 and D e A d , if any, and consider the 
map ip d . Do : 

i>d,D ■ A d — > Jac(F/¥ q ) 

D i ► [D-D,]. [6) 

1. First, it is well-known that 1 < h < A g is true for any function field. 
Indeed, let D be such that deg-D = g. By Riemann-Roch, dim/) > 1, 
thus there exists an effective divisor of degree g which is equivalent to 
D. So assume D G A g and consider the map Vv,Ar F° r an [R] e 
J&c(F/W q ), we have deg(i? + D ) = g, thus dim(i? + D ) > 1 and 
there exists u G F* such that D := R + Dq + div (u) is in A g and 
[R] = [D — D ] = ip gy D {D). This proves that ip g ,D is surjective and 
that h < A g . Assume now that F/¥ q has no non-special divisor D 
of degree g. Then dim/} > 2 for all degree g divisors, thus, for all 
[R] e J&c(F/W q ), we have 

„dim(_R+_Do) _ ^ ff 2 _ -y 

card {D e A g , [D - D ] = [R]} = 2 __ > 1— = q + l 

and A g > h(q + 1). Notice that this is less restrictive than Lemma 5 of 
PU, which assumes that N^F/Wq) > 1. 

2. A divisor D of degree (7 — 1 is non-special if and only if dim/} = 0. 
If g = 1, there exists a non-special divisor of degree g — 1 = if and 
only if h = Ni > 1 = Aq, since two distinct degree one places are not 
equivalent. Assume now that g > 1. Hence, it is sufficient to prove 
the existence of a divisor of degree g — 1 which is not equivalent to any 
effective divisor. If A g _i = 0, the result is proved. Otherwise, let D be 
an effective divisor of degree g — 1 > 1 and consider the map ip g -i,D - If 

< h, this map is not surjective. Hence, there exists a zero-degree 
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divisor R such that [R] is not in the image of ip g -i ; D - Consequently, 
D = R + D is a divisor of degree g — 1 which is not equivalent to an 
effective divisor. Thus D is non-special. 

3. From the functional equation of the zeta function, it can be deduced 
(see JT21 Lemma 3 (i)]) that, for g > 1, one has 

A n = q n+1 ~ 9 A 2g _ 2 _ n + h^ — , for all < n < 2g - 2. (4) 

q — 1 

For g > 2 and n = g this gives 

A 9 = /i + gA g _ 2 . (5) 

Thus if g > 2, 

□ 

We quote the following consequence of assertion 2. 

Corollary 6 Let F/¥ q be an algebraic function field of genus g > 2 such 
that Ag-i > 1. Denote by h the order of the divisor class group of F/¥ q . 
Then E g -\ is untrue if and only if there exists h elements of A 9 _x pairwise 
n on- equivalent. 

Proof: Let r be the maximum number of pairwise non-equivalent elements of 
A 9 _! and let Di, . . . , D r be elements of A g _! pairwise non-equivalent. Then 

{[0] = [D 1 -D 1 ], [D 2 -D 1 ],..., [D r -D l )} 

is a subset of J~ac(F/¥ q ) of order r. If r = h, for any divisor D of degree 
d — g — 1, we have [D — D-\\ = [D^ — Di] for some i, 1 < i < h, and then 
D ~ Di. Thus dim/) > 1. If r < h, ^g-i.Di is not surjective and the result 
follows. 

□ 

3.2 Case g = 1 

If the genus of F/¥ q is g = 1, any divisor of degree d — g is non-special since 
d > 2g — l — 1 and there exists a non-special divisor of degree # — 1 = if and 
only if the divisor class number h is > 1, i.e. Ni > 2. So there are exactly 3 
function fields of genus 1 which have no non-special divisor of degree g — 1. 
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They are the elliptic solutions to the divisor class number one problem (see 
and HOI): 

q = 2, y 2 + y+(x 3 + x + l)=0, 
q = 3, y 2 - (x 3 + 2x + 2) = 0, 
q = 4, y 2 + y + (x 3 + a) = 0, where F 4 = F 2 (a). 

So, in the rest of this paper, except otherwise stated, we assume that the 
genus of a function field is > 2. 

3.3 Existence of non-special divisors of degree g > 2 

An algebraic function field of genus g > 2 has an effective non-special divisor 
of degree g if it has enough places of degree 2. 

Lemma 7 Let F/¥ q be an algebraic function field of genus g > 2. Then S g 
is true in either of the following cases 

(i) N 2 > q + 2. 

(ii) N 2 = q + 1 and N g > 1 . 

(iii) N 2 = q + 1 andN x > 1. 

Proof: Assume that there is no non-special divisor of degree g. Then, by 
Proposition one has A g _ 2 > h. But, since A g > N 2 A g _ 2 and A g = 
h + qA g _ 2 by we have 

h - A g _ 2 >{N 2 -q- l)A r2l 

which contradicts inequality A g _ 2 > h as soon as (A^ 2 — Q — 1)^-2 ^ 1 an d 
in particular if N 2 > q + 2. We obtain a contradiction also for iV 2 = q + 1 as 
soon as A g > N 2 A g _ 2 , which is the case if there exists an effective divisor of 
degree g which support does not contain a degree two place. This is the case 
if N g > 1 or Ni > 1 or, more generally, if Nd > 1 where d ^ 2 is an integer 
dividing g. □ 

We want to deduce from Proposition an existence result for non-special 
divisors of degree g > 2 which is more general that Lemma 6 of ^2] ■ We will 
use the following result. 

Proposition 8 Let F/¥ q be a function field of genus g > 2. We denote by 
h its divisor class number. 
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Up to isomorphism, there are 4 function fields F/¥ q , 2 of them being 
hyperelliptic, such that h = 1 and g > 2. They are obtained for F = 
¥ 2 (x,y) with 
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equation 



(x 5 + x 3 + 1) = 
fx 3 + x 2 + l)/(x 3 + x + 1) = 



iVi 


N 2 


N 3 


1 


2 







3 










1 





1 


1 



y 2 + y + 



+ y + 

.3 



A + xy 3 + (x + l)y + (x 4 + x 3 + 1) = 
A + xy 3 + (x + l)y + (x 4 + x + 1) = 



Up to isomorphism, there are 15 function fields F/F q , 7 of them be- 
ing hyperelliptic, such that h = 2 and g > 2. T/iey are obtained for 



F g (x, and 



equation 



iVi 



A^ 2 



2(x 2 + l)(x 4 + 2x 3 + x + l) = 



y 2 + y + (x 3 + x + 1) /(x 2 + x + 1) = 
+ y + (x 4 + x + l)/x = 



3 
1 



y 2 + y + (x 4 + x 3 + x 2 + x + l)/(x 3 + x + 1) = 



y 2 + y + (x 5 + x 2 + 1) /(x 2 + x + 1) 



x 6 + x+ l)/(x 2 + x + l) 3 
4 + x 3 + l)/(x 4 + x + l) 



X 



or q 



y 

y A + xy 3 + (x + l)y + (x 4 + x 2 + 1) 

y 3 
y 3 

2, 










+ (x 2 + x + 1) y + (x 4 + x 3 + 1) 
+ y + (x 4 + x 3 + 1) = 

(7 = 4 and 



1 
1 



1 
1 



2 
3 
4 
3 
2 

1 



1 


2 
2 
2 
3 
2 



y 3 + (x 4 + x 3 + l)y + (x 6 + x 3 + 1) = 
x 4 + x 2 + l)y + (x 6 + x 5 + 1) = 



y 3 + 



y 3 + (x 4 + x 3 + 1) y + (x 6 + x + 1) = 



i<i<9 

^ (N S ) 

( N j)l<j<9 z 



: (0,0,4,2) 
: (0,0,4,2) 
(0,1,3,3) 



y 6 + xy 5 + (x 2 + l)y 4 + (x 3 + x 2 )y 3 + X 6 + X 5 + X 3 + X + 1 = 



y 6 + xy 5 + x 3 y 3 + y 2 + 



i<i<9 " 

x 5 + x 2 )y + x 6 + x 2 + 1 = 



1<?<9 



(0,1,1,3) 
(0,1,2,3) 



Proof: See ^0] and [Hj for the solutions of the (h = l)-problem and [3 Prop. 
3.1. and Th. 4.1.] for the solutions of the (h = 2)-problem *. □ 

Proposition 9 An algebraic function field F/W q of genus g > 2 has an 
effective non-special divisor of degree g in the following cases: 

*Note that in [3 Th. 4.1 and its proof] there are misprints in the last two equations. 
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(i) q > 3. 

(ii) q = 2 and g — 2, unless F := ¥ 2 (x,y), with 

y 2 + y + (x 5 + x 3 + 1) =0 or y 2 + y + (x 3 + x 2 + l)/(x 3 + x + 1). 

(iii) g = 2 and g = 3 or g = 4. 

(iv) g = 2, g > 5 and Ni(F/W g ) > 2. 

Proof: We set L(t) : = L(F/¥ q , t). For o > 2, it follows from © that (see 
[0] or ^21 Lemma 3 and proof of Lemma 6] ) 

n=0 n=0 v 7V ^ y 

Substituting t = g~ 1//2 in the last identity, we obtain 



n=0 



(gl/2 _ l)2g(g-l)/2 



and since L(g x / 2 ) = n?=i |1 — ^ ^ 2 | 2 > 0, we have 

ag^-VM. + V^^;^. (6) 



n=0 



Assume that -F/F g has no non-special divisor of degree g. Thus by Proposi- 
tion El and (jnj), one has 

Va > h. (7) 
1. q > 3. Using ©, ^4 g -2 > h implies that 

2q 1 ' 2 < 1 



(gV2_ 1)2' 

which is absurd if g > 3. 

2. q = 2. For all m > 1, one has A m > iVi-Am-i. Thus if o > 2 

A s > iVxVi > ^(^iVa) = N 2 A g _ 2 . (8) 

If g = 2 and g >2, the inequality (JJJ) implies A s = /t + 2A g _ 2 < 3yi 3 _ 2 ? 
thus by © 

AT 2 A 9 _ 2 < A, < 3A S _ 2 , 

which is absurd if N\ > 2. This proves assertion (iv). We are left with 
Ni = or 1. 
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If g = 2, the inequality (JJJ) implies that h — 1, since A = 1. By 
Proposition |S1 there are only two function fields -F/F g of genus 2 
such that h — 1. They are such that q = 2 and F = F 2 (x, y), with 

i. y 2 + y + (x 5 + x 3 + 1) = and iVi = 1, N 2 = 2, so A 2 = 3. 

ii. y 2 + y + (x 3 + x 2 + l)/(x 3 + x + 1) = and iVj = 0, jV a = 3, 
so A 2 = 3. 

Since h = 1, all divisors of a given degree d > are equivalent. In 
particular, all the divisors of degree g = 2 are equivalent to any 
divisor of A2, therefore they are special. 

g — 3. By inequality (JJJ), we have v4 5 _ 2 = Ax = ATi > 1, thus 
Ni — 1 and h — N\ — 1. We deduce from Proposition |H] that 
there is no solution. 

(7 = 4. For instance, consider the five function fields with g = 4 
and h < 2 in Proposition |H| They are such that N\ = and 
^4g-2 = N 2 < h = 2, thus they have an effective non-special divisor 
of degree g — 4. It can be verified that all the degree 4 places in 
the first two function fields are non-special, one degree 4 place in 
the third one is non-special and none degree 4 place is non-special 
in the last two. More generally, we have A 2 = JVl ^ 1+1 ) _|_ jy 2 an d 



h = A d - 2A-, 



iV 4 + N 3 + - 1 if Nx = 1 



We can assume that /i > 3, since the case h < 2 is settled and 
then we have A 2 > h > 3 by the hypothesis (|7jl. If A^ 2 > 5 + 2 = 4, 
^ g is true by Lemma [7| (i). If N 2 = q + 1 = 3 and A^i = 0, then 
h = N4 > 3 and £ g is true by Lemma [3 (ii). If = q + 1 = 3 
and Ni = 1, £ g is true by Lemma [3 (iii). The last possible case is 
N 2 = 2, Ni = 1 and A 2 = 3 = h = N± + N 3 . Let us show that 
it is impossible. The real Weil polynomial of a genus 4 function 
field is: 

H(T) = T 4 + a{T 3 + (a 2 - Aq)T 2 + (a 3 - 3g ai )T + (a 4 - 2ga 2 + 2q 2 ) . 

Using formulae (J2J) in the case q = 2, Ni = 1, N 2 = 2 and = 
3 — A/4, we obtain: 

H(T) = T 4 - 2T 3 - 6T 2 + (11 - N A )T + 3A/ 4 - 3. 

Since U := H(2^2) = (3-2 v / 2)A/ 4 + 13-10v / 2 is strictly negative 
for all A/4 < 3, there is no solution. 



11 



□ 

Remark 10 We conjecture that a less restrictive result, i.e. without any 
condition on Ni(F/¥ q ), is true if g > 5 and q = 2. 

3.4 Existence of non-special divisors of degree g—l>l 

We deduce from Proposition an existence result for non-special divisors of 
degree g — 1. 

Theorem 11 Let F/¥ q be a function field of genus g > 2. Then £ g -i is true 
in the following cases 

(i) q > 4. 

(ii) g = 2, unless F/¥ q := ¥ 2 (x, y)/¥ 2 , with y 2 + y = x 5 + x 3 + 1 or 
y 2 + y = (x 4 + x + l)/x. 

(iii) q = 2 or 3 ; g > 3 and Ni > q + 1. 

Proof: Recall that, if A g _i = 0, the existence is clear. 

1. q > 4. By ©, we have for g > 2 

< 2q^ 2 A + < 2j^q^- 1 -^ 2 A n + A g ^ < 

Thus, if g > 4, we have A g -\ < h and the result follows from Proposi- 
tion El 

2. o = 2. If = Ni < h, the result follows from Proposition |S| This 
is the case when N\ = and then all divisors of degree g — 1 are non- 
special. If Nx > g + 1 = 3, the result is true by Proposition EJ The 
remaining cases are Ni — 1 or 2 with h — N\. 

(a) iVi = 1 and h = 1. There is a unique function field satisfying 
these conditions (see Proposition IHJ). It is F/¥ q := F 2 (x, y)/¥ 2 , 
with y 2 + y = x 5 + x 3 + 1. Since ft, = 1, all divisors of degree 
o — l = l are equivalent to the place of degree 1, thus they are 
special. 

(b) Ni = 2 and h = 2. There is a unique function field satisfying 
these conditions (see Proposition ISJ). It is F/¥ q := ¥ 2 (x,y)/¥ 2 , 
with y 2 + y = (x 4 + x + l)/x. Since the two degree one places are 
non-equivalent, it follows from Corollary El that £ g -i is untrue. 



12 



3. q = 3, g > 3. If q — 3 and g > 3, we have seen in the proof of 
Proposition that 

A g <(q + l)h. (9) 

Using that A g > NiA g _i, we obtain NiA g _i < A g < Ah and, if N x > 
4 = q + 1, we have < /i. Note that, if g — 3, it does not improve 
assertion 2 of Proposition 0] 

4. q = 2, g > 3. li q — 2, g > 3 and iVi > 2, we also proved that (jHJ) is 
true. Similarly, we obtain NiA g _i < A g < 3h, thus, if Ni > 3 — q + 1, 
we have A g _i < h. 

We use assertion 2 of Proposition El to finish the proof. □ 

Remark 12 VFe can prove that S g -i is always true if g = 3 and q = 3, and, 
if g = 3 and q = 2, there is only a finite number of exceptions, which are the 
following 



equation 


iVi 


N 2 


A^3 


/i 


y 4 + xy 3 + (x + l)y + (x 4 + x + 1) = 
y 2 + y + (x 6 + x + l)/(x 2 + x + l) 3 = 






1 

4 


1 
2 


1 

2 


y 4 + xy 3 + (x+ l)y + (x 4 + x 2 + 1) = 
+ y + (x 4 + x 3 + 1) = 





2 


2 


2 


1 


1 


2 


2 


y 3 + x 2 y 2 + (x 3 + l)y + (x 4 + x 3 + 1) = 
y 3 + x 2 y + (x 4 + x 3 + x) = 


1 


2 


2 


3 


2 





3 


3 


y 3 + (x 2 + x + l)y + (x 4 + x + 1) = 


1 


3 


2 


4 



3.4.1 Constant field restrictions of maximal function fields 

In the following Lemma, we give the value of A g _\ in terms of the coefficients 
of the polynomial L(F/¥ q ,t). 

Lemma 13 Let F/¥ q be a function field of genus g and let Lit) = Yll=o 
be the numerator of its Zeta function. Then 



Ag-i = — - [h- + 



9-1 

a, 

i=0 



Proof: This is a well-known result (cf. ^El Section 5 or 13]). From 

Zit) = YA m t m = ^ = , ^ a * f 

^ (i-f)(l-gf) (l-t)(l-qt) 
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we deduce that for all m > 0, 

A m = y — 

^— ' (7—1 

i=0 H 



-di. 



In particular, 

9-1 

(q - l)Vi = " ^ 

i=0 

Since = q l ~ 9 a 2g -i, for all z = 0, . . . g, we get 

9-1 9-1 9-1 9-1 

(q - l)A g -t = q 9 Y^ tf"* * ~ ai = q ° 9~V~ S a2 S -i - ^2 ai 

i=0 i=0 i=0 i=0 

Hence 

9-1 



(g - l)A s _i = ^(a 29 -i - a^. 

i=0 

Furthermore, we know that h = L(l) = X^=o a *> therefore 



Ag-i = — ^ | /i - | a„ + 



2 t>)) 



□ 



Using the preceding Lemma, we obtain a corollary to assertion 2 of Proposi- 
tion El 

Corollary 14 // -F/F 9 is an algebraic function field such that q > 3 and 
a g + 2 52i=o a « — fresp. 9 = 2 and a g + 2 X^=o a « > i/ien £ g _i is true. 

Proof: By Lemma El we have A g -i < h. The result follows using Proposi- 
tion El □ 

We will give examples of function fields satisfying the hypothesis of Corollary 
IT4*1 but before that, we recall the following result. 

Lemma 15 1. Let F/¥ q 2 be a maximal function field. Then the recipro- 
cal roots of L(F/¥ q 2,t) are iti = —q, for all i = l,...,2g, and thus 
L(F/F q2 ,t) = (l + qt) 2 °. 

2. Let G/¥ q be a function field such that its constant field extension F/¥ q 2 = 
G.¥ q 2 /¥ q 2 is maximal, then L(G/¥ q ,t) = (l+qt 2 ) 9 . Moreover, Ni(G/¥ q ) 
q+1. 
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3. Reciprocally, if G/¥ q is a function field such that L(G/¥ q ,t) — (1 + 
qt 2 ) 9 , then its constant field extension F/¥ q 2 = G.¥ q 2/¥ q 2 is maximal. 

Proof: 

1. See [13 Proposition V.3.3.]. 

2. The genera of G/¥ q and its constant field extension F/¥ q 2 are equal. 
Let us denote by the reciprocal roots of L(G/¥ q ,t). Then the re- 
ciprocal roots of L(F/¥ q 2,t) are 7Tj = a 2 . Since 7Tj = —q, we have 
a i — i\fq an d &i — an d the result follows. In particular, 
N l (G/¥ q ) = q+l-Yfi = Mi + a i )=q + l. 

3. Clear. 

□ 

Example 16 The Hermitian function field F/¥ q 2 is such that F = ¥ q (x,y) 
with y q + y — = 0. It is a maximal function field of genus g = g ^ 2 ~ 1 - > 
and it is the constant field extension of G/¥ q , where G = ¥ q (x,y), with 
y q + y — a; 94-1 = 0. We can say that G/¥ q is a "constant field restriction" 
of F/¥ q 2. Lemma ITBI applies to G/¥ q . Recall that all subfields L/¥ q 2 of the 
Hermitian function field F/¥ q 2 are maximal function fields. 

Corollary 17 If the algebraic function field G/¥ q is a constant field restric- 
tion of a maximal function field F/¥ q 2 = G.¥ q 2/¥ q 2, then G/¥ q contains a 
non-special divisor of degree g — 1. 

Proof: By the preceding Lemma, L(G/¥ q ,t) = (l + qt 2 ) 9 , thus, by Corollary 
ITU G/¥ q contains a non-special divisor of degree g — 1. □ 

Remark 18 Corollary El does not improve the previous results. Indeed, 
consider a constant field restriction G/¥ q of a maximal function field over 
¥ q 2. Then N 1 (G/¥ q ) — q + 1 and h — (q+ I) 9 . Thus, £ g and £ g _i are true 
by Proposition and Theorem HP or. if g — 1, by Section l3~2l 

4 Applications 

4.1 Case of a Garcia-Stichtenoth tower 

In this section we study the tower of function fields introduced in . Let us 
consider the asymptotic good Garcia-Stichtenoth's abelian tower 7^ over ¥ q 2 
(cf. i), 

Ti := Fa C F 2 C F 3 C . . . 
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such that F 1 /¥ q 2 := ¥ q 2(xi)/¥ q 2 is the rational function field, F 2 /¥ q 2 is the 
Hermitian function field, and more generally, for all k > 2, F k+ i/¥ q 2 is defined 
recursively by 

Fk+i '■= Fk(zk+i), 
where z k+ i satisfies the equation : 

z l+i + z k+i = with x k := z k /x k _i . 
If q = p r with r > 1, we define the completed tower over F g 2 considered in 

m 

T 2 := Fi j0 C Fi t \ C . . . C -Fi, r -i C F 2) o C F 2j i C . . . C i^r-i • • • 

such that, for all fc > 1, F^o = -Ffc, F k ^ s /F k is a Galois extension of degree p s , 
for all s = 1, . . . , (r - 1), and [F kyS : F fcjS _i] = p. 

Remark 19 Let G k /¥ q be defined recursively by Gi := ¥ q (xi) and, for all 
k > 1, G k+ \ := G k (z k+ i), so G k is the constant field restriction of F k . This 
is allowed, since all equations are defined over ¥ q and the infinite place of the 
rational function field G\ := ¥ q {x{) is fully ramified in each step. It can be 
proved that, for allk > 1 and s — 0, . . . , r — 1, there exists z k+ i ;S G ¥ q [z k ] such 
that F k+ x >s = F kyS (z k+ i yS ) . Thus we can consider the constant field restriction 
G k>s of each step F kyS and the constant field of G k>s is ¥ q . Of course this is 
quite clear if r = 1. If r > 1, it is done in ' t 2] forp = 2 and in for p odd. 

If q = 2 r with r > 1, we consider the tower T 3 over ¥ q studied in [2] 

'■= Gift c Gi t \ c . . . c Gi, r -i c G2,o C G*2,i c . . . c G2, r -i, ■ ■ ■ , (10) 

which is related to the tower T 2 by 

F k ,s = G ktS ¥ q 2 , for all k > 1 and s = 0, . . . , (r — 1). 

Namely F ktS /¥ q 2 is the constant field extension of G kjS /¥ q . Notice that 
Gi ) o/¥ q := ¥ q (xi)/¥ q is the rational function field and G2 t o/¥ q is the constant 
restriction of the Hermitian function field. Each function field Gi )S /¥ q is the 
constant restriction of Fi yS /¥ q 2, which is maximal since it is a subfield of 
the Hermitian function field. Thus the number of rational places of Gi^ s /¥ q , 
for all s = 0, . . . , (r — 1), and G2fi/¥ q equals q + 1. Let us denote by g k>s 
(resp.N kjS ) the genus (resp. the number of rational places) of the function 
field G k j¥ q . 

Now, the following result answers a question of j2] in a sense which is ex- 
plained in Section POl 
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Proposition 20 Assume q = 2 T . Then, for any function field G^/Fg of 
the tower %, there exists a non-special divisor of degree gk, s — 1- 

Proof: We have gk )S < gi,t for all 1 < k < I and < s < t. Moreover, 
9i,o = 0, (72,0 = and iV M = N 2j0 = q + 1. 

If g = 2 r > 4, the result follows from Theorem ITT1 (i), noticing that none of 
the steps can be the exception of Section 13.21 

If q = 2, there is no intermediate step and we set Gfc/F 2 := Gk ; o/¥ 2 , gu '■= Qk,o 
and := iV^o- It can be proved, using the results of [4 , that > 3 = 
for all > 1. In fact, ni = n2 = g + l = 3. The places of G2/F2 are the 
pole of x, the common zero of x, z 2 and the common zero of x, z 2 + 1. For all 
k > 3, the common zero of x, • • • , ^fc-i in Gfc_i/F 2 splits in Gfc/F 2 giving 
two degree one places, one being the common zero of x, z 2 , . . . , Zfc_i, ^fc and 
the other being the common zero of x, z 2 , . . . , Zk-i, Zk + 1- With the pole of 
x, we obtained at least three degree one places in Gfc/F2. Once again, none 
of the steps can be the exception of Section PT~2l (g — 1) or the exception of 
Theorem II II (a = 2) and then the result follows. □ 

4.2 Previously known applications 

We quote previous works in which non-special divisors are needed or con- 
structed. We must say that, the existence of such divisors is often clear 
because the function fields, which are involved, have many rational places 
but the problem lies in their effective determination. 

1. In the construction of Goppa codes Cl{G, D) on a function field F/¥ q , 
where D := Pi + ■ ■ - + P n is a sum of n distinct places of degree one and 
G is a divisor, such that supp G H {Pi, . . . , P n } = 0, it is often assumed 
that C(G -D) = {0}. In fact, C L (G, D) is the image of C(G) by the 
evaluation map 

C(G) -> F£ 

u ^ (u(P 1 ),...,u(P n )). 

and this map is injective thanks to the condition C(G — D) = {0}. 
Thus the dimension of Cl{G,D) is dimG. Of course, any G with 
deg G < n := deg D satisfies the condition. But if one wants to consider 
higher degree, it may be useful to know that there exists a non-special 
divisor B of degree gp — 1, since then, divisor G' := B + D > B is also 
non-special and thus we know the value of dimG'. Moreover, there 
exists G ~ G' such that supp G n {Pi, . . . , P„} = and £(G - D) = 
C{B) = {0}. 
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2. In many constructions of algebraic-geometry codes (see JT] for in- 
stance) or in construction of (t, s)-sequences using function fields, the 
existence of a non-special divisor of degree g is assumed. In both cases, 
the following basic argument is more or less needed. Let F/¥ q be a 
function field, let D := Pi + ■ ■ ■ + P n be a sum of n distinct places of 
degree one and let G be an effective non-special divisor of degree gp. 
Then, there exists a function f\ e C{G + Pi) \ C(G) for all 1 < i < n 
and (1, fx, . . . , f n ) is a basis of C(G + D). 

3. In p] another asymptotic good tower of function fields is given, which 
is a sub-tower of 71, and in [T3j an explicit non-special divisor of degree 
g is given for each steps. Let us recall the situation. Consider the tower 
T over ¥ q 2 

F ■= f x C F 2 c F 3 c . . . 
such that F n := ¥ q 2(xx, . . . , x n ), with 

4+i + x k+i = q _i - for k = 1, ... n - 1 . 
+ 1 

Then [F n : Fx] = and the infinite place of the rational function 
field Fx/¥ q 2 := ¥ g 2(xi)/¥ q 2 is fully ramified in each F n . We denote 

by P<» the corresponding place in F n . In ^1] and for each n > 1, 
the authors define explicitly an effective divisor A*™) of F n /¥ q 2, such 
that dim(c n P^ } - A^) = 1, with c n := + degAH So : = 
is a non-special divisor of degree More precisely, a 
basis of £(D^) is 7r„ such that divoo(7r n ) = c n P^ . We remark that it 
is then straightforward to show that := (c n — l)P^—A^ is a non- 
special divisor of degree ^ — 1, for each n > 1, since 
and 7T n ££(L>$ n) ). 

4. In the existence of certain divisors D is necessary to obtain asymp- 
totic bounds on frameproof codes. The bound is obtained using asymp- 
totic good towers of function fields. We will not recall the definition of 
frameproof codes. Given a function field F/¥ q of genus g and Px, . . . ,P n 
distinct degree-one places, the author of [EJ assumes the existence of an 
effective divisor D such that m := degD and dim(sZ) — Yli=i ^) = ^ 
for an integer s > 2. Clearly the greatest possible value for sm — n is 
then equal to gp — 1 and we note that, if sm — n = gp — 1, the divisor 
(sD — Y^=x ^) * s non-special of degree gp — 1. However, the existence 
of such a divisor is hard to prove and the author of [17J gives a sufficient 
condition to obtain the result. 
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We end this (non-exhaustive) enumeration and come to the initial motivation 
of this work. 

4.3 Application to the bilinear complexity of multipli- 
cation 

4.3.1 Problem 

Let ¥ q be a finite field with q elements where q is a prime power and let ¥ q n 
be a degree n extension of ¥ q . We denote by m the ordinary multiplication 
in the finite field F ? « . This field will be considered as a ¥ q - vector space. The 
multiplication m is a bilinear map from ¥ q n x ¥ q n into ¥ q n , thus it corresponds 
to a linear map M from the tensor product ¥ q n (^) ¥ q n over ¥ q into ¥ q n . One 
can also represent M by a tensor £ M G F*„ 0F*„ (££)F ? n where F*„ denotes 
the dual of ¥ q n over ¥ q . Hence the product of two elements x and y of ¥ q n is 
the convolution of this tensor with igi/G ¥ q n F 9 n . If 

A 

£m = )] ai ® ® Q, (11) 
z=i 

where a ? G F*„ , 6; G F*„ , c x G ¥ q n , then 

A 

x.y = ^2ai(x)bi(y)ci. (12) 

Every expression ()12)) is called a bilinear multiplication algorithm U. The 
integer A is called the multiplicative complexity of U and denoted by fi(U). 

Let us set 

fj, q (n) = min fJ,(U), 

where U is running over all bilinear multiplication algorithms in ¥ q n over F 9 . 
Then fj, g (n) is called the bilinear complexity of multiplication in ¥ q n over ¥ q , 
and it corresponds to the least possible number of summands in any tensor 
decomposition of type (fTTf . 

4.3.2 An improvement of a multiplication bilinear complexity bound 

We know by [21 Th. 4.2.] that for p = 2 and q = p r > 16, the bilinear 
complexity n q (n) of multiplication in any finite field ¥ q n over ¥ q satisfies: 
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H q (n) < 3 1 + 



q — 5 



4p 



) 



n. 



The above result is obtained in [2] using the tower % defined by (fTUjl. As 
said in j2j Section 5], the existence of non-special divisors of degree gu, s — 1 
for each step Gk, s of the tower Tj, which is proved in Proposition |2Dl enables 
us to obtain a better bound and a better asymptotic bound than the ones 
obtained in More precisely, we obtain the following Theorem: 

Theorem 21 Assume q = 2 r > 16 and let n > 1 be an integer. The bilinear 
complexity fi q (ri) of the multiplication in ¥ g n over ¥ q satifies 



Remark 22 Let us remark that this improvement is obtained using Theorem 
1771 and cannot be easily obtained from JJ_I| Lemma 6} as was suggested in 
Question 2]. Moreover, note that there is a misprint in the upper bound of 
H q {n) in JU Question 2}. In fact, for p = 2 and q = 2 r > 16, the inequality 

must be [i q (n) < 3 ( 1 + -^J n. 
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